A quasi-one-dimensional approach is presented to analyze three-pass mufflers with perforated elements using numerical decoupling. The approach is further developed to include mufflers with ducts extended into the end cavities. Theoretical predictions are compared with experiments for three different muffler configurations, one fabricated and two commercially available mufflers, and shown to agree reasonably well. The effect of porosity, length of the end cavities, and expansion chamber diameter are studied. Also, the effect of ducts extending into the end cavities are investigated.
INTRODUCTION
Perforated tube elements are widely used in resonators and mufflers to suppress engine exhaust noise. Typical examples include concentric tube resonators and cross-flow elements. The flow through the tubes can be either straightthrough or reversed. Aero-acoustic analysis of perforated elements in the form of a series expansion for the straightthrough silencer elements was first presented by Sullivan and Crocker.
1 A segmentation method developed by Sullivan 2, 3 later lumped the effect of perforations into a number of discrete planes with solid pipes present in between. This was followed up by Jayaraman and Yam 4 who developed a decoupling method to obtain a closed form analytical solution.
Thawani and Jayaraman demonstrated the use of this method 5 by analyzing straight-through resonators in the absence of flow. Rao and Munjal 6 extended the analysis of Jayaraman and Yam by allowing the Mach numbers in the inner perforated duct and the outer casing to be different. Munjal et al. 7 then developed a decoupling procedure by extracting the roots of the characteristic polynomial of the system numerically. Later, Peat 8 presented another numerical decoupling approach where the eigenvalues and the eigenvectors were obtained rather than the roots of the characteristic polynomial, thereby removing the numerical instability problems associated with other methods described thus far. Gogate and Munjal 9 extended the analysis of Munjal et al. 7 to include open-ended two-pass perforated mufflers. Re-
I. THEORY
The derivation of governing equations follows, in general, that of Sullivan 2,3 and Peat. 8 The mean flow in the chamber ͑designated by 4 in Fig. 1͒ , however, is assumed to be zero. In addition, the thicknesses of the walls of the perforated tubes ͑designated by 1-3 in Fig. 1͒ are assumed to be negligible compared to the diameter of the chamber, and the gradient of the mean flow is neglected.
Consider four control volumes, each of length dx, as shown in Fig. 1 . For simplicity, the tube and the chamber are assumed to be circular. Integrating the continuity equation,
over a finite control volume ⍀ and applying the divergence theorem yields
where u is the velocity vector, is the density, ⌫ is the control surface, and n is the unit vector normal to the surface ⌫. Applying Eq. ͑2͒ to each of the four control volumes yields Similarly, integrating the momentum equation
over the finite control volume ⍀ gives where c 0 is the speed of sound and j is the specific acoustic impedance of the perforate of duct j, given in terms of the mean flow, duct geometry, and the perforate geometry. [1] [2] [3] 8, 16 Substituting the expressions for f j and given, respectively, by Eqs. ͑4͒ and ͑10͒, in Eq. ͑8͒ and employing Eq. ͑11͒ yields 
for the perforated ducts ( jϭ1 to 3͒, and
for the chamber ( jϭ4). Substituting for the time harmonic motion
in Eqs. ͑14͒ and ͑15͒ yields where ͓⌿͔ is a matrix whose columns are the eigenvectors of matrix ͓B͔, and ͕⌽͖ is a transformation vector or a vector of generalized coordinates. Substituting Eq. ͑28͒ in Eq. ͑25͒ then gives
where ͓⌼͔ is a diagonal matrix composed of the eigenvalues of the matrix ͓B͔. 
͑35͒

III. BOUNDARY CONDITIONS
The schematic of two typical three-pass perforated element mufflers ͑i͒ where the perforated ducts do not extend into the end chambers and ͑ii͒ where the perforated ducts extend into the end chambers are shown in Figs. 2 and 3, respectively. Two different segments can be identified: ͑i͒ expansion chamber and ͑ii͒ end chambers. Boundary conditions for these segments are discussed in this section.
A. Expansion chamber
At sections AЈ and BЈ, because of the rigid walls the velocity u 4 ϭ0. Therefore,
and ͑36͒
B. End cavities-No extensions
At the junction C in the right end chamber ͑REC͒ ͑see
and ͑37͒
where A 1 , A 2 , and A REC are the cross-sectional areas of ducts 1, 2, and the end chamber ͑at C͒, respectively. Also,
where l b1 ϭl b ϩt b ϩ␦ 1 , l b2 ϭl b ϩt b ϩ␦ 2C , and lengths are added to account for the lumped inertance at the ends of ducts 1 and 2 ͑at location C͒ and correspond to the lumped inertance of a duct terminating into an infinite flange. 17 Combining Eqs. ͑37͒-͑39͒ gives
where
Similarly, applying boundary conditions at junction D in the left end chamber ͑LEC͒ leads to
where 
where l a1 ϭl a ϩt a ϩ␦ 2D , l a2 ϭl a ϩt a ϩ␦ 3 , and
are the end corrections for the expansion of ducts 2 and 3, respectively, into the end cavity at D.
C. End cavities-With extensions
A typical three-pass muffler where the inlet, center, and the outlet ducts extend into the end chamber is illustrated in Fig. 3 . An enlarged view of its right end chamber is shown in Fig. 4 . 
and
Because of the rigid ends at locations C and CЈ, u REC ϭ0. Hence,
͑49͒
Combining Eqs. ͑46͒-͑48͒ gives
͑50͒
At location E,
4. An enlarged view of right end chamber.
Combining Eqs. ͑49͒, ͑51͒, and ͑52͒ yields
Also, the state variables p REC and u REC at either ends of the duct segment E -EЈ are related by
͑54͒
In view of Eqs. ͑50͒, ͑53͒, and ͑54͒,
͑55͒
In the presence of ducts extending into the end cavities, Eqs. ͑38͒ and ͑39͒ become 
. ͑58͒
Case II (l 1 <l 2 )
Following the procedure illustrated for Case I, it can be shown that
can also be obtained from Eq. ͑55͒ by switching subscripts 1 and 2, and E and EЈ. The matrix ͓Q͔ is then given by
.
͑60͒
The matrix ͓R͔ defined by Eq. ͑43͒ may now be obtained from ͓Q͔ following the procedure similar to that illustrated in Sec. III B. In the absence of ducts extending into the end chambers, Eqs. ͑58͒ and ͑60͒ can readily be shown to reduce to Eq. ͑42͒. 
IV. TRANSFER MATRIX SOLUTION
where ͓TR͔ is the rank reduced transfer matrix given in terms of the elements of ͓T͔ by
Substituting Eqs. ͑41͒ and ͑43͒ in Eq. ͑63͒ yields ͬ .
͑67͒
Computer programs were developed in Cϩϩ to predict the transmission loss of a three-pass muffler with and without the perforated ducts extending into the end cavity. The results obtained from the approach described in Secs. II-IV are presented next.
V. RESULTS AND DISCUSSION
A. Prototype muffler .0127 m, d 1 ϭd 2 ϭd 3 ϭ0.0489 m, d 4 ϭ0.1651 m, d h ϭ0.00 234 m, tϭ0.0008 m, ϭ0.045, ϭ1.18 
as the gas temperature rises ͑since the speed of sound varies in direct proportion to the square root of the gas temperature͒. At very low frequencies ͑Ͻ50 Hz͒, the impedance tube termination is not fully anechoic and results in some discrepancy between theoretical predictions and experimental results. The overall behavior resembles that of a simple expansion chamber of length l ϭl p ϩl a ϩl b ͑because of the central section, with troughs occurring at frequency intervals of c 0 /2l Ϸ520 Hz, and peaks at odd multiples of the frequency c 0 /4l Ϸ260 Hz), with a superimposed resonance near 240 Hz, contributed by the presence of the two end cavities. Note, the perforate impedance for quiescent medium,
was used in Fig. 6 . Here, t is the duct thickness and d h is the perforate diameter. This same impedance is used in all the figures that follow.
B. Production mufflers
The transmission loss characteristics of two production three-pass mufflers used in Chrysler vehicles were measured in the impedance tube setup. The mufflers were later cut open to obtain the geometric details. The expansion chamber and the end cavities of both mufflers are elliptical in cross section. For theoretical treatment, elliptical cross sections were replaced by circular ducts of equal cross-sectional area.
The theoretical and experimental results for the first muffler are shown in Fig. 7 . As in Fig. 6 , the muffler shows an expansion chamber behavior with a superimposed resonance at about 250 Hz. The resonance may be attributed to the combined effect of the end cavities. Theoretical results compare reasonably well up to about 700 Hz, a frequency dictated primarily by the propagation of higher-order modes. Discrepancy between theory and experiments may also be attributed to the fact that the exact geometry and the louver size and its distribution are not known a priori; only a rough estimate of the physical dimensions of the muffler has been used in the computations. Also, the cross-sectional area of the inlet and outlet ducts are not exactly uniform as assumed by the theoretical model.
The inlet and center perforated ducts of the second muffler extend into the right and the left end chambers, respectively. The two baffle plates of this muffler have two holes each, approximately 0.0254 m in diameter. Since the present theoretical method cannot handle baffle holes ͑which would couple the expansion chamber and the end cavities directly͒, these holes were plugged before the muffler was mounted in the impedance tube setup. Theoretical and experimental results for this muffler are compared in Fig. 8 . As in Figs. 6 and 7, two resonant peaks occur at low frequencies, due mainly to the presence of the end cavities. The agreement between the theory and experiments is reasonable at low frequencies. Similar to the muffler of Fig. 7 , the discrepancy between theory and experiments may partially be attributed to the fact that the exact geometry, and the pore size and its distribution are not known a priori; only a rough estimate of the physical dimensions of the muffler has been used in the computations. The theory assumes that there is a common length l p over which the inlet, center, and the outlet ducts are perforated. This particular muffler, however, has perforations which are nonuniformly distributed. Therefore, an average perforated length has been used in the computations. Figure 10 shows the effect of the length of the end cavities on the transmission loss characteristics. Increasing the length of the end cavities shifts the peaks in the transmission loss to lower frequencies. As noted in Figs. 5-9, the end cavities contribute to the resonant peaks, since they, together with the perforated ducts, constitute approximately a Helmholtz resonator. It is well known that the resonance frequency of a Helmholtz resonator is inversely proportional to the square root of the length of the cylindrical cavity, which in this case is the length of end cavities for fixed crosssectional area. This explains the shift observed in Fig. 10 . Figure 11 compares the muffler of the baseline case with a muffler whose end chambers are identical ͑only l c is varied and made equal to l d ). Since the total length of the end cavity for the latter case is reduced, the resonance peaks shift to higher frequencies. The effect, however, is marginal beyond 400 Hz where the simple expansion chamber behavior dominates. The effect of the length of expansion chamber is shown in Fig. 12 . Increase in the expansion chamber length l p ϩl a ϩl b (l a and l b were retained the same͒ shifts the peaks and troughs to lower frequencies. The effect is minimal at low frequencies ͑below 300 Hz͒ where end cavities dominate.
The effect of increase in the diameter of the expansion chamber is shown in Fig. 13 . An increase in the diameter increases the transmission loss at higher frequencies ͑Ͼ600 Hz͒. The presence of the middle chamber ͑expansion chamber͒, as discussed earlier, results in a simple expansion chamber behavior. The troughs for a simple expansion chamber occur at frequency intervals of f ϭc 0 /2l Ϸ520 Hz. It is well known that the transmission loss for a simple expansion chamber increases with increase in the diameter ratio. This explains the behavior observed at frequency Ͼ520 Hz. At lower frequencies, the Helmholtz behavior of the end chamber becomes important. Increase in the expansion chamber diameter increases the diameter of the end cavities and, since the Helmholtz resonance frequency is inversely proportional to the square root of the cavity cross-sectional area for a given length ͑which in the present case is the cross-sectional area of the end cavity͒, the resonant peaks shift to lower frequencies when the diameter of the end cavity is increased. Also, as the diameter of the expansion chamber increases, the expansion chamber behavior becomes more pronounced. Figure 14 shows the effect of ducts extending into the end chambers. The presence of duct extensions in the end cavity shifts the peaks and troughs to lower frequencies; the effect, however, is marginal. Also, an additional peak is introduced at about 800 Hz.
VI. CONCLUDING REMARKS
A quasi-one-dimensional approach is presented to analyze three-pass mufflers with perforated ducts using the ''numerical decoupling.'' The approach is further developed to include mufflers with ducts extended into the end cavities. Theoretical and experimental results are first compared for a fabricated prototype three-pass muffler. This is followed by a similar comparison for two production mufflers. Theoretical results compare reasonably well with experiments. Duct porosity is shown to have only a marginal effect until about 600 Hz beyond which the transmission loss is greater for a muffler with lower duct porosity. Increasing the length of the end cavities is found to shift the transmission loss peaks to lower frequencies. The effect is similar when the diameter of the expansion chamber is increased. Increase in the expansion chamber diameter is also shown to increase the transmission loss at frequencies greater than 600 Hz and at some lower frequencies. Finally, the presence of duct extensions in the end cavity is shown to shift the peaks and troughs to lower frequencies; the effect, however, is marginal. 
